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Preface to the Special Issue on Copula Modeling and Dependence
This Special Issue on Copula Modeling and Dependence features a selection of papers presented at a workshop held
6–9 June 2011 at the Centre de recherches mathématiques, Montréal, Canada. Organized under the auspices of the Centre’s
Thematic Semester in Statistics, thismeetingwas attended by 53 participants from10 countries. The eventwas a resounding
success. All papers in this issue were peer-reviewed according to the highest standards.
The lead article by Andrew Patton reviews the large and growing literature on copula-based models for economic
and financial time series. Copulas have recently been used to model both serial dependence in a univariate time series
and interdependence between multivariate time series. Patton’s article surveys estimation and goodness-of-fit testing
procedures in both contexts. His crisp description of procedures, complemented with numerous applications and an
extensive bibliography, provides a rich introduction to the subject that is likely to stimulate research in the area.
Andrew Patton’s survey is followed by two articles on dependence modeling in dynamic contexts. In the first paper,
Jean-David Fermanian and Marten Wegkamp note that while the predictive distribution of a vector-valued process can be
decomposed in terms of its copula and margins given the past, it is often more natural to combine the marginal models, in
which each variable depends only on its own lags. This observation leads them to replace the copula in Sklar’s decomposition
by a pseudo-copula, i.e., an arbitrary multivariate distribution with support in the unit hypercube. They propose consistent,
asymptotically Gaussian nonparametric estimators for pseudo-copulas and discuss applications to specification tests.
In the second paper, Bruno Rémillard, Nicolas Papageorgiou, and Frédéric Soustra describe another way of extending
copula-based models from univariate to multivariate processes. The advantage of their approach is that the univariate
marginal time series need not be modelled separately. One limitation is that the multivariate series must be assumed to be
stationary and endowedwith aMarkovian structure. The authors develop parameter estimation and goodness-of-fit testing
in this context. This prompts them to conclude that meta-elliptical copulas yield a better fit than Archimedean dependence
structures for data on the returns of NYMEX Oil Futures and the exchange rate of the Canadian/US dollar.
The next four papers are concerned with inference procedures for copula models in the presence of covariates (other
than time). In such cases, the dependence typically varies as a function of the covariates. As each covariate patternmay have
been observed only once, copula selection and validation are challenging. One way to address the issue is to assume that
the dependence is represented adequately at all covariate values by members of the same parametric copula family. If the
parameter changes smoothly with the covariates, its form can be estimated using kernel-based techniques which exploit
information from nearby covariate values.
This estimation approach is considered by Fentaw Abegaz, Irène Gijbels, and Noël Veraverbeke when a single, scalar-
valued covariate is involved. Even in this relatively simple case, much sophisticated mathematics must be called upon
to prove the consistency and asymptotic normality of local parameter estimates. In addition to achieving this goal, the
authors suggest a handy, data-driven bandwidth selection mechanism. They illustrate their methodology with data on the
dependence between male and female life expectancy as a function of wealth.
Conditional copulas also occur naturally in vine copula models. Also known as pair-copula constructions, these
hierarchical dependence models are built through successive conditionings along a tree-like structure called a vine. Each
building block in the vine is either defined by themarginal dependence of a pair of variables, or by its dependence conditional
on other variables lower down in the hierarchy. While these structures are perfectly general and offer great flexibility
for the elaboration of multivariate dependence models, it is typically assumed in practice that each block depends on the
conditioning variables merely through the univariate conditional distribution functions appearing as the arguments of the
pair-copula.
This simplifying assumption comes under close scrutiny in the article that Elif Acar, Johanna Nešlehová, and I wrote
together. Proceeding along similar lines as Fentaw Abegaz and his co-authors, we show how to rely on a local likelihood
to estimate the parameter of a bivariate copula without assuming that it is functionally independent of the conditioning
variable. This estimator,whichweprove to be consistent, can thenbeused to assess graphically the validity of the simplifying
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assumption. By way of illustration, we re-examine the dependence between various chemical concentrations in a classical
hydro-geochemical stream and sediment reconnaissance data set.
While the simplifying assumption should not bemade lightly, itmaywell be reasonable in certain contexts. Various rank-
based techniques have been proposed for copula parameter estimation under this assumption; the most common are the
so-called semiparametric and stepwise semiparametric estimationmethods. The relativemerits of these two approaches are
evaluated by Ingrid HobækHaff, both in terms of computational burden and asymptotic efficiency. Her extensive simulation
study supports the use of the simpler stepwise technique in most applications.
Conditional copulas also provide quite a bit of flexibility for dependence modeling in regression settings. Radu Craiu
and Avideh Sabeti deal with Bayesian model selection and fitting in this framework. While their treatment is limited to the
bivariate case and a single regressor, it covers the case where response variables are mixed, as when one of the marginal
regression models is logistic, say. The authors adopt a flexible cubic spline model for the dependence between the copula
parameter and the covariate. They discuss the choice of prior, a Markov ChainMonte Carlo algorithm for posterior sampling,
and the relevance of the deviance information criterion for copula selection. The validity of their approach is assessed via
simulation.
Next come three papers concerned with Archimedean copula models and extensions thereof. This specific class of
dependence structures has been around for nearly as long as copulas themselves in the statistical literature. It has found
many fruitful applications in actuarial science and finance but also in biostatistics, where it can often be interpreted nicely
in terms of frailty. Archimedean copulas are now enjoying an even higher profile, thanks to recent work of AlexanderMcNeil
and Johanna Nešlehová, who characterized this class of copulas in terms of a resource sharing model.
While estimation procedures for Archimedean copulas are fairly well understood, surprisingly little has been written
concerning the equally important problem of testing whether a dependence structure is indeed of this form. Goodness-of-
fit testing for bivariate Archimedean copulas is formally addressed in the paper by Axel Bücher, Holger Dette, and Stanislav
Volgushev. Their procedure exploits the fact that these copulas are associative, and that their diagonal is strictly dominated
by the Fréchet–Hoeffding upper bound. They prove the weak convergence of their test statistic and show how its critical
values can be computed by the multiplier bootstrap technique. Their test, which is consistent against all departures from
Archimedeanity, is applied to the same data that Elif Acar, Johanna Nešlehová, and I considered in our paper.
Archimedean copulas are just as popular in multivariate contexts as they are in the bivariate case, despite the fact that
they cannot capture asymmetries in the nature and degree of dependence between different pairs of variables. They are
especially convenient in contexts where a practitioner wishes to account for dependence – or at least assess its impact –
and cannot afford to refit themodelwhenever variables are added or deleted. Inference for copulamodels in high dimensions
remains a largely unchartered territory.
Computational issues surrounding inference for one- and multi-parameter Archimedean copulas are addressed in the
paper by Marius Hofert, Martin Mächler, and Alexander McNeil. The authors give explicit formulas for the derivatives of
well-known Archimedean copula generators and illustrate their use in fast and accurate computation of point-wise and
confidence-set parameter estimates in high-dimensional problems. While the margins are assumed to be known in their
simulations, their methodology and the associated R nacopula package could easily be adapted to the unknown-margin
case.
For situations involving clearly non-exchangeable multivariate dependence structures, Archimedean copulas are
obviously inappropriate. However, they might still be suitable within specific subgroups of variables; dependence between
subgroups can then be handled separately. In addition to providing welcome relief to the curse of dimensionality,
hierarchical models are often easier to simulate and interpret. The idea that a dependence structure might remain stable
under inclusion or deletion of components, or even groups of components, stimulated Jan-FrederikMai andMatthias Scherer
to investigate the notion of copula h-extendibility. In their paper, this concept is defined and used to unify the scattered
literature onhierarchical copulas. Archimedean andother commonh-extendible copulas are also presented as factormodels.
The concluding section of the Mai–Scherer paper contains a number of open problems that will undoubtedly spur the
interest of newcomers to the expanding field of copula modeling. The simplicity with which these problems are described
– not to speak of the authors’ generosity – is characteristic of the workshop, which featured 16 plenary talks and several
posters on four broad research areas of current development in copula modeling: high-dimensional problems; time series
data; multivariate extreme-values; and incomplete data. The final contributions to this Special Issue are representative of
the last two topics.
In a paper concerned with the estimation of high quantiles from a multivariate distribution, Stefan Aulbach, Michael
Falk, and Martin Hofmann take a second look at a recent multivariate extension of the piecing-together (PT) approach. This
methodology allows for the construction of multivariate distributions whose dependence is described by a given copula
in its central part while its upper tail coincides with the copula of a Generalized Pareto distribution. The two pieces are
patched in a continuous fashion and the resulting PT-copula is the basis of a distribution that can then serve to estimate
the probability of extreme events lying beyond the range of the data. In their contribution, the authors shed further light
into the multivariate PT approach by deriving an exact representation of the PT-copula’s upper tail. A variant based on the
empirical copula is also touched on briefly.
The last paper, by Takeshi Emura and Weijing Wang, considers likelihood-based inference in a copula model for a pair
of failure times in the presence of truncation. They show how a dependence parameter can be estimated in circumstances
where one component is always smaller than the other. In addition to proving the consistency and asymptotic normality
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of the proposed estimator, they explore its finite-sample properties via simulations. They also develop a model selection
technique for choosing the best-fitting dependence structure within a broad class including Archimedean copulas. Their
methods shed new light on classical transfusion-related AIDS data.
The quality and timely publication of this Special Issue owes a great deal to Debbie Dupuis, Johanna Nešlehová, Jean-
François Plante, Jean-François Quessy, and Bruno Rémillard, who served as Guest Associate Editors. I am very grateful for
their expertise and diligence. Themoral support of JMVAEditor Jan de Leeuwand the technical assistance of JournalManager
Geetha Lakshmi are also acknowledgedwith thanks.My gratitude further extends to Elif Acar and Louis Pelletier, who helped
organize the workshop and run it efficiently at the Centre de recherches mathématiques in Montréal.
Funding in partial support of the event was provided by the Canada Research Chairs Program, the Natural Sciences and
Engineering Research Council of Canada, and the Fonds de recherche du Québec – Nature et technologies. Their unfailing
support is much appreciated.
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